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A total of 15 cricketers comprised the Indian team for the ICC 2011 Cricket World Cup. Of these, 11 could play in 

the finals against Sri Lanka. How many different teams could have been created? 

 

This is an interesting question from P&C. The dreaded subject that once mastered, you will fall in love with. Infact, 

P&C is a very interesting subject and has applications in management, engineering, politics, governance and also 

normal day-to-day life.  
 

 

 

Did-You-Know 

 

Basic combinatorial concepts have appeared throughout the ancient world. In 6th century BC, physician 

Sushruta asserts in Sushruta Samhita that 63 combinations can be made out of 6 different tastes, taken one at 

a time, two at a time, etc., thus computing all possibilities.  

 

In the Middle Ages, combinatorics continued to be studied, largely outside of the European civilization. 

Notably, an Indian mathematician Mahavira (c. 850) provided the general formulae for the number of 

permutations and combinations. 

 

The rule to determine the number of permutations of n objects was known in Hindu culture at least as early 

as around 1150: the Lilavati by the Indian mathematician Bhaskara II contains a passage that translates to:  

 

The product of multiplication of the arithmetical series beginning and increasing by unity and continued to 

the number of places, will be the variations of number with specific figures. 

 

Wikipedia 

 

 

 

This is an important chapter and must be studied by all students. This is a building block topic, and is used to solve 

questions in many parts of any competitive test.  

 

Many problems in probability theory require that we count the number of ways that a particular event can occur. For 
this, we study the topics of permutations and combinations.  

 

Before discussing permutations, it is useful to introduce a general counting technique that will enable us to solve a 

variety of counting problems, including the problem of counting the number of possible permutations of n objects. 

 

Enjoy. 

 

And BTW, the answer to the team selection question is 1365! 

 

Did you know? 

There are 400 ways of playing the first move on each side in a game of chess (one move each of the two players).  

There are 197,281 ways of playing the first two moves on each side, an estimated 318,979,564,000 ways of playing 
the first four moves on each side, and an estimated 169, 518, 829, 100, 544, 000, 000, 000, 000, 000 ways of playing 

the first ten moves on each side! 

 

  

http://en.wikipedia.org/wiki/Lilavati
http://en.wikipedia.org/wiki/Bh%C4%81skara_II
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What the topic covers? 

- Fundamental principle of counting 

- Permutations 

- Combinations 

- Pigeonhole concept  

 

Fundamental Principle of counting   

Multiplication principle: 

If a job can be done in ‘m’ different ways AND another job can be done independently in ‘n’ different ways then the 

two jobs can be done, in succession, in ‘mn’ different ways. 

 

Let's say that you want to flip a coin and roll a dice. There are 2 ways that you can flip a coin and 6 ways that you 

can roll a dice. There are then 2 × 6 = 12 ways that you can flip a coin and roll a dice. i.e. outcomes possible are H1, 

H2…H6 and T1, T2…T6. 

 

A listing of all the possible outcomes is called the sample space and is denoted by the capital letter S.  

 

The sample space for the experiments of flipping a coin and rolling a die are S = { H1, H2, H3, H4, H5, H6, T1, T2, 
T3, T4, T5, T6}. Sure enough, there are twelve possible ways. The fundamental counting principle allows us to 

figure out that there are twelve ways without having to list them all out. 

 

If you want to draw 2 cards from a standard deck of 52 cards without replacing them, then there are 52 ways to draw 

the first and 51 ways to draw the second, so there are a total of 52 × 51 = 2652 ways to draw the two cards. i.e. 

outcomes possible or sample space is 2652. 

 

The above principle can be extended to the case in which different operations can be performed in m, n, p,…. ways. 

In this case the number of ways of performing all the operations together would be m  n  p ……. 
 

Question 

A field has 4 gates, in how many ways is it possible to enter the field by one gate and come out at another? 

 

Answer 
There are 4 ways of entering the field, and with of each of these there is a choice of 3 ways of coming out (since the 

same gate cannot be used to come out); hence the number of ways is 4  3, or 12. 

 

Addition Principle   

If a total event can be accomplished in two or more alternative events/ways, then the number of ways in which the 

total event can be accomplished is given by the sum of the number of ways in which each alternative-event can be 

accomplished.  

 

Number of ways in which the total event can be accomplished  

= (Number of ways in which the first alternative-event can be accomplished) + (Number of ways in which the 

second alternative-event can be accomplished) + (Number of ways in which the third alternative-event can be 

accomplished) + ....  

 
nE = nEa + nEb + nEc + .... 

 

In how many ways can a committee of atleast 2 members be chosen from a group of 4 men? 

To answer the question, we need to find the  

a) number of teams with 2 members  

b) number of teams with 3 members  

c) number of teams with 4 members.  

 

As per addition principle, answer will be a + b + c.  
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Let the 4 people be numbered P, Q, R and S.  

Teams with two people = PQ, PR, PS, QR, WS, RS = 6 

Teams with three people = PQR, PQS, PRS, QRS = 4 

Teams with four people = PQRS = 1 

 

No. of ways in which a committee of atleast 2 members be chosen from a group of 4 men = 6 + 4 + 1 = 11 
 

Permutations 

 

Suppose there are k seats and n people are to be arranged in these k seats. Note that n  k and the seats have a 
specified order. We need to find the total number of possible arrangements or permutations. 

 

In the first place, any one of the n people can sit. For any given person sitting in the first seat, any one of the 

remaining (n 1) persons can sit in the second seat. So, for each of the n ways of filling up the first seat, there are 

(n1) ways for filling up the second. Thus, total number of ways for filling up the first two seats is n(n  1). For 

each of these n(n  1) ways to fill up the first two there are (n 2) ways to fill up the third, as any of the remaining 
people can sit on the third seat. 

 

 Total number of ways to fill up k seats  

 = n (n  1)(n  2) ......... (n  k + 1) 
 

A permutation is an arrangement of objects, without repetition, and order being important. Another definition of 

permutation is the number of such arrangements that are possible. The two key things to notice about permutations 

are that there is no repetition of objects allowed and that order is important. 

 

The number of ways of arranging ‘n’ things taken ‘r’ at a time is called the number of permutations of ‘n’ things 

taken ‘r’ at a time and is denoted by npr or p (n, r). 
 

 [Learning a new notation: 

n(n 1)(n 2) ...... 3.2. 1 is expressed as n! where n is a positive integer 
1! = 1 

2! = 2  1 = 2 

3! = 3  2  1 = 6 
And by convention, 0! = 1] 

 

Now P (n, k) or number of permutations of ‘n’ things take ‘k’ at a time 

= n(n  1)(n  2) ....... (n  k + 1) 

= 
n(n 1)(n 2)...(n k 1)(n k)(n k 1)...3 2 1

(n k)(n k 1)...3 2 1

        

    
=

n!

(n k)!
 

[Also note that p (n, n) = ways of arranging n things among themselves = 
n! n!

n!
(n n)! 0!

 


 

Now, suppose there are k seats and n people are to be arranged, but k > n 

 

Now, the first person can occupy any of the k seats. For each position of the first person, the second can occupy any 

of the remaining (k 1) positions resulting in the first two people can be seated in k(k 1) ways. Proceeding thus, we 

find that the number of permutations = 
k!

(k n)!
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Examples of permutations:  

Example 1: List all permutations of the letters ABCD  

ABCD 

ABDC 

ACBD 

ACDB 

ADBC 

ADCB 

BACD 

BADC 

BCAD 

BCDA 

BDAC 

BDCA 

CABD 

CADB 

CBAD 

CBDA 

CDAB 

CDBA 

DABC 

DACB 

DBAC 

DBCA 

DCAB 

DCBA 

 

Now, if you didn't actually need a listing of all the permutations, you could use the formula for the number of 

permutations. There are 4 objects and you're taking 4 at a time. 4
4

4! 4! 4! 24
P 24

(4 4)! 0! 1 1
    


  

This also gives us another definition of permutations. A permutation when you include all n objects is n!. That is, 

P(n,n) = n! 

 

Example 2: List all three letter permutations of the letters in the word HAND 

HAN 

HNA  

HAD 

HDA  

HND 

HDN  

AHN 

ANH  

AHD 

ADH  

AND 

ADN 

NHD 

NDH 

NAH 

NHA 

NAD 

NDA 

DHA 

DAH 

DAN 

DNA 

DHN 

DNH 

 

Now, if you didn't actually need a listing of all the permutations, you could use the formula for the number of 

permutations. There are 4 objects and you're taking 3 at a time. 4
3

4! 4! 24
P 24

(4 3)! 1! 1
   


 

 

Question 

In how many ways can 5 posts be assigned to 5 candidates selected after an interview? 

  

Answer 
The post can be assigned in P(n,k) ways, n=5; k=5  

P(5,5) = 
5! 5!

(5 5)! 0!



 = 5! = 5 x 4 x 3 x 2 x 1 = 120 ways.  

 

Question 
Find the permutations of four alphabets p, q, r, s taken 2 at a time.  

 

Answer 

Number of permutations = P(n,k), n = 4, k = 2  

P (n,k) = P ( 4,2) = 
4! 4 3 2 1

(4 2)! 2 1

  


 
 = 12. 

 

 

Note: Suppose one object is to be included in all permutations of n things, taken k at a time. The item that is to be 

always included is kept in any one of the k places.  

The remaining (n 1) things can be arranged in the remaining (k 1) places in p(n1, k1) = 
(n 1)!

(n k)!




 ways. 

Since this is true for each of the k positions of the constant article,  

total number of permutations = k
(n 1)!

(n k)!




 or k, p(n -1, k -1). 
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Do-it-yourself (DIY exercise) 

1. How many different signals can be made by 5 flags from 8-flags of different colours? 

2. How many words can be made by using the letters of the word “SIMPLETON” taken all at a time? 

 

RESTRICTED PERMUTATIONS: 

 

Type I: ALWAYS OCCUR / NEVER OCCUR 

Example: (i) In how many permutations of 15 things taken 6 at a time will one thing (a) always occur (b) never 

occur? 

 

Keeping aside the particular thing which will always occur, the number of permutations of 14 things taken 5 at a 

time is 14P5. Now this particular thing can take up any one of the six places and so can be arranged in 6 ways. Hence 

the total number of permutations = 14P5  6 = 14131211106 = 1441440 ways. 
 

Leaving aside the particular thing which has never to occur, the number of 14 things taken 6 at a time is 14P6 = 

14131211109 = 2162160 ways.  

 
Type II: WHEN CERTAIN THINGS DO NOT OCCUR TOGETHER: 

 

(a) When the number of things not occurring together is two: 

Find the total number of permutations when no restriction is imposed on the manner of arrangement. Then find the 

number of arrangements when the two things occur together. The difference of the two results gives the number of 

permutations in which the two things do not occur together. 

 

Example: Find the number of ways in which 10 books can be placed on a shelf when two particular books are never 

together. 

  

The two particular books can be considered as one book, and there are (10 –1), i.e. 9 books now which can be 
arranged in 9P9 i.e. 9! ways. Now these two books can be arranged amongst themselves in 2! ways. Hence the total 

number of permutations in which these two books are placed together is (9!  2!). The number of permutation 10 
books without any restrictions is 10!. 

 

Therefore, the number of arrangements in which these two books never occur together = 10! – 2!  9! = 10  9! – 2 

 9! = 9! (10 – 2) = (9!  8) ways. 
 

(b) When the number of things not occurring together are more than two: 

Example: In how many ways can 4 boys and 3 girls be arranged in a straight line so that no two girls are together? 

 

First we arrange the position of the four boys indicated by B1, B2, B3, B4. 

 

 B1  B2  B3  B4  
 

This can be done in 4! ways. 

 

Now, if the position of girls are fixed at places (including the two ends) shown by crosses, the three girls will never 

come together. In any of these arrangements there are 5 places for 3 girls and so the girls can sit in 5P3 ways. 

 

Hence the required number of ways in sitting of 4 boys and 3 girls is : 
5P3  4! = 5  4  3  4  3  2  1 = 1440 ways. 
 

Type III: FORMATION OF NUMBERS WITH DIGITS: 

 

(a) There is no restriction: 

Example: Find the number of 4 digit numbers that can be made from 1,2,3,4,5 

The number of 4 – digit numbers = 
5
P4 = 120. 
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(b) Number in which a particular digit occupies a particular place: 

Example: Find the total number of 6-digit numbers that can be formed with the digits, 1,2,3,4,5,6 such that 5 always 

occupies the one's place. 

In this case the one's place is fixed and the remaining five places can be filled in by the remaining 5 digits in 5P5 i.e. 

5! ways, i.e. 120 ways. 

 

The number of numbers in which 5 occurs in the unit's place = 120. 

 
(c) Numbers divisible by a particular number: 

 

Example: Find the total number of 6-digit numbers that can be formed with the digits 2,3,4,5,6,7 which are divisible 

by 2. 

 

These numbers will have 2 or 4 or 6 in the unit's place. Thus the unit's place can be filled in 3 ways. After filling up 

the unit's place in any one of the above ways, the remaining five places can be filled in 5P5 ways i.e. 5! i.e. 120 ways. 

The total number of numbers divisible by 2 = 120  3 = 360. 
 

(d) Numbers having particular digits in the beginning and the end: 

Example: Find the total number of 6-digit numbers that can be formed with 0,1,2,3,4,5 such that the number begins 

with 2 and ends with 0. 

 
Here the first and the last places are fixed and the remaining four places can be filled in 4! i.e 24 ways by the 

remaining four digits. Hence, the total number of numbers beginning with 2 and ending with 0 is 24. 

 

(e) Numbers which are smaller than or greater than a particular number: 

Example: Find the total number of numbers that can be formed with 3,5,7,8,9 which are greater than 50000. 

 

In these numbers there will be 5 or a digit greater than 5 i.e. 7,8 or 9 in the ten thousand's place. Thus this place can 

be filled in 4 ways. The remaining four places can be filled in 4! = 24 ways. 

Hence the total number of numbers = 4  24 = 96. 
 

(f) 5 digit even numbers which are greater than 50000 formed from 4, 5, 6, 7 and 8. 

 

Here the ten-thousandth can be 5, 6, 7 or 8. Also, the last digit can be 4 or 6 or 8. 
 

Here, both conditions overlap i.e. say a number has 6 in the ten-thousandth place and hence cannot have 6 in the 

units place. 

 

So a simple approach will not work here. We will perhaps have to split the cases as per the digit in the ten-

thousandth place. 

 

Case 1: Let digit in ten-thousandth place be 5 or 7. Then the units place, there are 3 choices. The remaining 3 digits 

can be arranged in 3! ways. This total number of ways = 2 × 3 × 3! = 36 

 

Case 2: Let digit in ten-thousandth place be 6. Then the units place, there are 2 choices, i.e. 4 or 8. The remaining 3 
digits can be arranged in 3! ways. This total number of ways = 1 × 2 × 3! = 12 

 

Case 3: Let digit in ten-thousandth place be 8. Then the units place, there are 2 choices, i.e. 4 or 6. The remaining 3 

digits can be arranged in 3! ways. This total number of ways = 1 × 2 × 3! = 12 

 

So Total number of ways = Case 1 + Case 2 + Case 3 = 60 

 

Note : It could have also been done by fixing units place first and then splitting accordingly. 
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Type IV : WORD BUILDING: 

 

(a) There is no restriction on the arrangement of the letters: 

Example: Form words with the letters of the word 'Problem'. 

The seven different letters can be arranged in 
7
P7 = 7! = 5040 ways. 

 The total number of words = 5040. 
 

(b) All words begin with a particular letter: 
Example: form words with the letters of the word 'Publish' such that all words begin with 'b'. 

All words begin with 'b'. The remaining 6 places can be filled with remaining 6 letters in 6! = 720 ways. 

Hence, the total number of words = 720. 

 

(c) All words begin and end with particular letters: 

Example: Form words with the letters of the word 'Century' such that the word begins or ends with 'u' or 't'. 

The first and last position could have been filled in 2P2 = 2 ways. 

The remaining positions are filled in 5P5 = 5! = 120 ways. 

Hence the number of words = 2  120 = 240. 
 

(d) Vowels occur together: 

Example: Form words with the letters of the word 'wheat' such that the vowels occur together. 

The vowels 'e' and 'a' can be regarded as one letter. The 4 letters can be arranged in 4! = 24 ways. These two vowels 
can be arranged amongst themselves in 2! = 2 ways. 

Hence, the total number of words = 24  2 = 48. 
 

(e) Consonants occur together: 

Example: Form words with the letters of the word 'Chlorine' such that the consonants occur together. 

The consonants 'c', 'h', 'l', 'r', 'n' can be regarded as one letter and the 4 letters can be arranged in 4! = 24 ways. These 

5 consonants can be arranged amongst themselves in 5! = 120 ways. 

Hence, the number of words in which consonants occur together = 24  120 = 2880. 
 

 

Do-it-yourself (DIY exercise) 

3. In how many ways can the letters of the word “Pre-University” be arranged?  

4. A child has 3 pocket and 4 coins. In how many ways can he put the coins in his pocket. 

 

PERMUTATIONS OF ALIKE THINGS:  
 

The different permutations of the letters A, B and C are ABC, ACB, BAC, BCA, CAB, CBA. 

 

To get the different permutations of the letters A, B and A, we replace all C with A. We get the permutations as 

ABA, AAB, BAA, BAA, AAB, ABA. However, there is now a repetition of ABA, AAB and also of BAA. Hence, 

actual number of permutations is 3.  

 
As the letter A featured twice in the three digits, you divide the final answer by 2! as that is the number of 

permutation of the letters 2 As. 

 

Similarly, to get the different permutations of the letters A, B, A and B, we find total permutations of 4 letters, i.e. 4!  

and divide it by 2! × 2!. 

  

The number of permutations of n things taken all at a time where p of the things are alike and of one kind, q others 

are alike and of another kind, r others are alike and of another kind, and so on is 
n!

p!q!r!....
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Example: Find the number of permutations of arranging the letters of the word 'INDEPENDENCE' amongst 

themselves? In how many arrangements will the two D's be together? 

 

The word INDEPENDENCE has 12 letters of which 'N' is repeated 3 times, 'D' is repeated twice, 'E' is repeated 4 

times, and the rest are different.  

 

Hence the number of arrangements is given by 
12!

3! 2! 4!
. 

 

If the two D's must be together, they can be considered as one letter. 

 

Hence there are 11 letters of which 'N' is repeated 3 times and 'E' four times. 

 Number of arrangements = 
11!

3! 4!
 

 

PERMUTATIONS OF REPEATED THINGS: The number of permutations of n different things taken r at a time, 

when each thing may occur any number of times is rn . 
 

Example: How many numbers each containing five digits can be formed? 

 

There are in all ten digits including zero. As the first digit of the number cannot be zero, so it can be chosen in 9 

ways. As repetition is permitted, the second, third, forth and fifth digits of the numbers can be any of the ten digits 

and so each of the remaining four places can be filled in 10 ways. 

 

Hence the total number of 5 digit numbers 4 9  10  = 90000.   

 

A note about Permutations with repetition 

Suppose there are k posts, and they are to be nominated for n people. If one person can be nominated to only one 

post, then the number of ways = 
n!

(n k)!
. But if repetition is allowed, i.e. one person can be nominated to more 

than one posts, then the first post can be filled in n ways, the second post can also be filled in ‘n’ ways and so on. 

 Total number of ways = n  n  .........n(k times) = nk  
 
Note that the logic is NOT that each person can be nominated in k ways and therefore number of ways = kn. Do not 

commit this mistake. 

 

 

Question 

There are 3 letters which have to be put into 4 boxes. In how many ways can be this done? 

 

Answer 

Each letter can be put in any of the 4 boxes. 

 Total number of ways = 4  4  4 = 64. 
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CIRCULAR PERMUTATIONS: Two ways of arranging five digits 1, 2, 3, 4, 5 would be 12345, 54321. Now, if 

these arrangements are written along the circumference of a circle, the two arrangements are one and the same. 

Thus, circular permutations are different only when the relative order of the objects is changed; otherwise they are 

the same. As the number of circular permutations depend on the relative position of objects, we fix the position of 

one object and arrange the remaining (n – 1) objects in all possible ways. This can be done in (n – 1)! ways. 

 
Example: (i) In how many ways can 8 people sit around a table? 

Fixing the position of one of the persons, the remaining 7 people can sit around the table in 7!, i.e. 5040 ways. 

 

(ii) In how many ways can 3 boys and 3 girls be seated at a table so that no 2 boys are adjacent? 

Let the girls first take up their seats. They can sit in 2! ways. When they have been seated, there remain 3 places for 

the boys each between two girls. Therefore the boys can sit in 3! ways. Therefore there are 2! 3!, i.e. 12 ways of 
seating. 

 

CLOCKWISE AND COUNTER – CLOCKWISE PERMUTATIONS: 

Case (i) In which counter-clockwise and clockwise are distinguishable. 

While seating 4 persons P, Q, R, S around a table, the permutations are considered different. 

 

          P           S             S           P 
 Counter 

 clockwise        Clockwise 

 

 

          Q           R             R            Q 

 

 

Case (ii) Those in which counter clockwise and clockwise are not, distinguishable. 

(a) While forming a garland, or stringing beads for a chain, the arrangements are not distinguishable, as the 

arrangements are not disturbed if we turn the garland over. 

 

      S          P        P           S 
   

     TURN OVER 

 

    R            Q     Q            R 

 

 

Question 

Find the number of ways in which 20 beads can be arranged to form a necklace. 

 

Answer  

Fixing the position of one bead, the remaining beads can be arranged in (20 – 1)! i.e 19! ways. 

As there is no distinction between the clockwise and anti-clockwise arrangements, the required number of ways = 

 
1

 19 !
2

 

 

 

(b) The distinction between clockwise and anti-clockwise is ignored when a number of people have to be seated 

around a table, so as not to have the same neighbors. 
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Question 

In how many ways can 5 girls sit around a table so that all shall not have the same neighbors in any two 

arrangements.  

 

Answer 

5 girls can sit around a table in 4! ways. As each person shall not have the same neighbors, the required 

arrangements =  
1 24

4!  = 
2 2

 = 12 ways 

 

 

 

Do-it-yourself (DIY exercise) 

5. How many necklace of 12 beads each can be made from 18 beads of different colours? 

6. How many 5-lettered words can be formed with the letters of the word ‘OMEGA’ when: 

(i) ‘O’ and ‘A’ occupying end places. 

(ii) ‘E’ being always in the middle 

(iii) Vowels occupying odd-places 

7. In how many ways can the letters of the word INDIA be arranged? 

8. In how many ways can the letters of the word MISSISSIPI be arranged so that the two letters M & P are 

never together? 

9. How many four digit numbers can be formed using 0,1,2,3,4 and 5?  

 

DIFFERENCE BETWEEN PERMUTATION AND COMBINATION 
Before we get to Combinations, let us understand the difference between permutation and combination.  

 

Each of the selections which can be made by taking some or all of a number of things (without regard to the order of 

the things in each group) is called a COMBINATION. 

 

Example: The combination which can be made by taking the four letters p, q, r, s two at a time are six in number; 

namely pq, pr, ps, qr, qs, rs, each of these presenting a different selection of two letters. Thus when r things are 

selected out of n, each selection is called a nr – combination, and the number of ways in which such a selection can 

be made is called the number of combination of n things taken r at a time, and is denoted by the symbol
n

rC . 

 

If the things in each selection are arranged in all possible orders, each of such arrangements is called a 

PERMUTATION. 

 

Example: Each of the foregoing selections of the letters p, q, r, s taken two at a time, are twelve in number: namely, 

pq, pr, ps, qr, qs, rs, qp, rp, sp, rq, sq, sr. 

 

Each arrangement which can be made by taking r things out of n is called a nr-permutation, and the number of ways 

in which such an arrangement can be made is called the number of permutations of n things taken r at a time, and 

denoted by the symbol nPr. 
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COMBINATIONS: Each of the different groups or selections which can be made by taking some or all of a 

number of things at a time (irrespective of order) is called as combination. 

Thus 
5

3C  denotes the number of combinations of 5 things taken 3 at a time. 

   

n
n n nr

r r r

pn! n!
C  =  ,   C  =         since  P  = 

r! n r ! r! n r !

 
     

 

Note: (i) 
n n

r n  rC  =  C   

 
n n

n o(ii) C  = C  = 1 

n n
x y(iii) If C  = C  then either x = y  or x+ y  = n  

n 1 n n
r r r 1(iv) C  C + C  

  

 

Logical interpretation of the Notes: 

1. 
n n

r n  rC  =  C   
means that if we select r objects from n, automatically n – r objects are left out. Thus selecting r 

objects deselects n – r objects. Example, selecting 3 students out of 10 for a race is the same as selecting 7 out of 10 

not to participate in the race. 

 

2. 
n n

n o(ii) C  = C  = 1  means if the number of ways of selecting all members to create a team is 1 (in this case all 

will be selected), and it can be also perceived as the number of ways of deselecting all members who would not be a 
part of the team (in this case 0 will be deselected).  

 

3. n n
x y(iii) If C  = C  then either x = y  or x+ y  = n

 
can be inferred from Note 1. 

 

4. 
n 1 n n

r r r 1(iv) C  C + C  
 . Let us take the case that while we are making a selection of r objects from n, and after 

making the first selection, an object gets added to n.  

 

If we select 1 object out of n, automatically n – 1 are left out, and 1 object has been selected. This can be selected in 
n n

r 1C or C  way. Now if 1 more object is added to the list of items from which the selection is being made, we again 

have n objects. But now to make r selections, we need to further select r – 1, as 1 has already been selected. So the 

number of ways of selecting r – 1 from n is 
n

r 1C    . i.e. 
n 1 n n

r r r 1C  C + C  
  

 

Question 

If 16 16 r
r r+2 4

C = C , find the value of C . 

 

Answer 

Since r  r + 2, so r + r + 2 = 16 
 2r = 14  r = 7.   

7
4

7! 7×6×5
 C  =  =  = 35.

4! 3! 3×2
  

 

Question 

Find the number of diagonals that can be drawn by joining the angular points of a pentagon? 

 

Answer 

A pentagon has 5 angular points and 5 sides. The join of 2 angular points is either a side or a diagonal. 

The number of lines joining the angular points = 
5

2
5! 5×4

C  =  =  = 5×2 = 10
2! 3! 2

 

But the number of sides = 5.  The number of diagonals = 10 – 5 = 5. 
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Challenge question 

A committee of 4 is to be selected from 7 boys and 5 girls. In how many ways can this be done so as to include (a) 

exactly 1 girl, (b) at least 1 girl. 

 

Answer 

(a) In this case we have to select 1 girl out of 5 girls and 3 boys out of 7 boys. 

The number of ways of selecting 3 boys = 
7

3
7! 7×6×5

C  =  =  = 35
4! 3! 3×2

 

The number of ways of selecting 1 girl = 5C1 = 5 

 The required committee can be formed in 35  5 i.e 175 ways. 
 

(b) The committee can be formed with  

(i) four girls (ii) three girls and one boy (iii) two girls and two boys (iv) one girl and three boys. 

 The committee formed in (i) 5C4 ways, 
5 7 5 7

3 1 2 2(ii) C  × C  ways  (ii) C  × C   ways  (iv) 
5 7

1 3C × C  ways. 

Hence the required number 
5! 5! 7! 7!

 5 7  +     +  5  
3!  2! 3!  2! 2!5! 4!3!

        
                     

 

5  4 5 4 7 6 5 7 6 5
 5 +   7 +    + 

2 2 2 3 2

     
  


 5 + 70 + 210 + 175 = 460 ways.  

 

 

TYPE 1: TO FIND THE TOTAL NUMBER OF COMBINATIONS OF N DISSIMILAR THINGS TAKING ANY 

NUMBER AT A TIME: 

 

(A) When all things are different: 

Each thing maybe disposed of in two ways i.e. it maybe included or rejected. 

 The total number of ways of disposing of all the things = 2   2   2 … n times = 2n. 
 
But this includes the case in which all things are rejected. 

Hence the total number of ways in which one or more things are taken = 2n – 1 

 

Example: There are 6 subjects in an examination. In how many ways can a boy pass in one or more subject? 

 

The boy can either pass or fail in one subject. 

Thus the number of ways of doing either = 26. 

 

But this includes the case of failing in all subjects. 

Hence, the total number of ways of passing in one or more subject = 26 – 1 = 64 – 1 = 63. 

 

(B) When all things are not different: 
Suppose, out of (p + q + r ….+ x) = p are of one kind, q are of a second kind, r are of a third kind and the rest x are  

different: 

 

Out of p things we may take, 0, 1, 2 … or p. 

 

Hence they maybe disposed in (p + 1) ways. Similarly q alike things maybe disposed of in (q + 1) ways and r alike 

things in (r + 1) ways. The x different things maybe disposed in x2 ways.  
 

This includes that case in which all are rejected. 

 The total number of selections = (p + 1)(q + 1)(r + 1) x2 – 1 
 

Example: Find the number of ways in which one or more letters from the phrase, ‘Ten Tired Turtles’ be selected.  

 

In the phrase there are 4 t’s, 3 e’s, 1n, 1i, 2r, 1d, 1u, 1l, 1s 
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 The total number of selections = (4+1)(3+1)(1+1)(1+1)(2+1)(1+1)(1+1)(1+1)(1+1) – 1 

   = 5  4  2  2  3  2  2  2  2 – 1 = 3840 – 1 = 3839 
 

TYPE 2: DIVISION INTO GROUPS: 

To find the number of ways in which x + y different things can be divided into two groups containing x and y 

different things respectively. 

 

Every time a set of x things are taken, a second set of y things are left behind. The number of combinations of (x+y) 

things taking x things at a time = 
 

 

 x+y
x

x+ y ! x+ y !
C   

x! x+ y x x! y!
 


 

In general, x+y+z y + z z
x y zC  × C  × C  

 

 

 x+ y+ z ! y + z !
=  ×  × 1

x! y+ z ! y! z!
 

 x + y + z !
= 

x! y! z!
 

 

Note: (i) The number of ways in which 4p things can be divided equally into 4 distinct groups in 
 

 
4

4 p !

p!
 

(ii) The number of ways in which 4p things can be divided into four identical groups is 
 

 
4

4p !

4! p!
 

Examples: 

(i) In how many ways can 20 things be divided into groups of 8, 7 and 5 things respectively? 

The number of ways = 
20!

8! 7! 5!
 

 

(ii) In how many ways can 20 different sweets be equally divided among 4 students? 

The number of ways = 
 

 
4

20 !

5!
 

 

TYPE 3: PERMUTATIONS AND COMBINATIONS OCCURRING SIMULTANEOUSLY: 

 

Example: How many different 5 letter words, each containing 2 vowels  and 3 consonants can be formed with 5 

vowels and 17 consonants? 

 

The vowels can be selected in 5C2 ways. Three consonants can be selected in 17C3 ways. 

 2 vowels and 3 consonants can be selected in 5C2  17C3 ways. 
 
Now each group of 2 vowels and 3 consonants can be arranged in 5! ways. 

 The total number of words = 
5
C2  

17
C3  5! = 816000. 

 

 

Do-it-yourself (DIY exercise) 

10. If n n
24

p = 12× P ,  find n . 

11. A gentleman has 6 friends to invite. In how many ways can he send invitation cards to them if he has three 

servants to carry the cards, assuming two friends can be invited by the same servant.  

12. How many 3-digit number divisible by 5 can be formed using any numerals from 0 to 9 without 

repetition? 
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Challenger question 1 

 

Question 

One red flag, three white flags and two blue flags are arranged in a line such that, 

(a) no two adjacent flags are of the same colour 

(b) the flags at the ends of the line are of different colours. 
In how many different ways can the flags be arranged?  

1.  6   2.   4     3.  10  4.  2 

 

Answer 

The possible arrangements of the six flags are: 

R  W  B  W  B  W 

W  B  W  B  W  R 

W  B  W  R  W  B 

W  R  W  B  W  B 

B  W  B  W  R  W 

B  W  R  W  B  W 

Hence the answer is [1] 
 

 

 

Challenger question 2 
 

Question 

Sam has forgotten his friend’s seven-digit telephone number. He remembers the following: the first three digits 

are either 635 or 674, the number is odd, and the number nine appears once. If Sam were to use a trial and error 

process to reach his friend, what is the minimum number of trials he has to make before he can be certain to 

succeed? 

1] 10000   2] 2430   3] 3402   4] 3006 

 

Answer 
Let us consider the last 4 digits as x x x x. 

case i the last digit is 9. 
 the remaining 3 digits can be filled by any of the 9 digits (i.e. 0 to 8) in 93 ways. 
 total number of ways = 729. 

case ii The last digit is not 9. 
 the last digit can be filled in 4 ways. 

Let any of the other 3 digits be 9. This can happen in 3 ways. 
 the remaining two digits can be filled in 92 i.e. 81 ways. 

the total number of ways = 29 3 4 972    

 the minimum number of trials = 2 [729 + 972]       = 3402   

Hence the answer is [3] 
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Challenger question 3 

 

Question 

Let S be the set of five-digit numbers formed by the digits 1, 2, 3, 4 and 5, using each digit exactly once such that 

exactly two odd positions are occupied by odd digits. What is the sum of the digits in the rightmost position of the 

numbers in S? 
 

1] 228   2] 216   3] 294   4] 192 

 

Answer 

The 5 digit number is has 3 odd places. Odd  Even  Odd  Even  Odd 

Of this, two places need to be filled with odd numbers from 1, 3 or 5. The third odd place can be 2, 4 or the 

remaining odd number. 

Case 1 

Let the rightmost digit be odd. 

Case 1a : The rightmost digit is the number 1. 

Then either the left most digit or the center digit can be odd. 

Case 1a(i). The left most digit is odd. 
 

Therefore, the number of ways with left most place odd, center place even and rightmost place as 1 is 2 × 2 × 2 × 1 

× 1, i.e. 8. (Steps: Right most place is in 1 way i.e. 1, Leftmost place in 2 ways i.e. 3 or 5, Center digit in 2 ways i.e. 

2 or 4, and the remaining two places can be filled with the remaining two numbers in 2 × 1 way).  

 

So with 1 in the units place, 8 numbers can be created. Sum of numbers in the unit place = 8 × 1 = 8. 

 

Case 1a(ii). The center most digit is odd. It would be in the same format as above. Hence sum of numbers in the unit 

place = 8 × 1 = 8. 

 

Case 1b : The rightmost digit is 3. Again there would be two cases as center digit odd or left most digit is odd. We 
will again get 8 ways in which numbers can be created in the two different cases. Sum of numbers in the unit place = 

8 × 3 = 24 and 8 × 3 = 24 for the two cases. 

 

Case 1c: The rightmost digit is 5. Again there would be two cases as center digit odd or left most digit is odd. We 

will again get 8 ways in which numbers can be created in the two different cases. Sum of numbers in the unit place = 

8 × 5 = 40 and 8 × 5 = 40 for the two cases. 

 

Case 2: Rightmost digit is even. Then the left most and the center digits will both be odd, chosen from 1, 3 or 5. 

Case 2a : Rightmost digit is 2. 

Number of ways of rightmost digit being 2 is 3 × 2 × 2 × 1 × 1 ways = 12 ways. (Steps: Rightmost digit in 1 way, 

i.e. digit 2. Then the leftmost digit in 3 ways i.e. any of the 3 odd numbers, and the center digit in 2 ways i.e. any of 
the remaining 2 odd numbers. Now the remaining two places are filled by the remaining two numbers in 2 × 1 way.) 

 

Sum of digits with 2 in the units place = 12 × 2 = 24. 

 

Case 2a : Rightmost digit is 4. 

Number of ways of rightmost digit being 4 is 3 × 2 × 2 × 1 × 1 ways = 12 ways. (Steps: Rightmost digit in 1 way, 

i.e. digit 4. Then the leftmost digit in 3 ways i.e. any of the 3 odd numbers, and the center digit in 2 ways i.e. any of 

the remaining 2 odd numbers. Now the remaining two places are filled by the remaining two numbers in 2 × 1 way.) 

 

Sum of digits with 2 in the units place = 12 × 4 = 48. 

 

Total sum of digits of the right most digit = 8 + 8 + 24 + 24 + 40 + 40 + 24 + 48 = 216 
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Challenger question 4 

 

Question 

Find the number of numbers between 200 and 300, both inclusive, which are not divisible by 2, 3, or 5. 

1] 25   2] 24   3] 75   4] 26 

 
Answer 

Number of numbers not divisible by 2, 3 or 5 = Total numbers – number of numbers divisible by  2, 3 or 5. 

 

 

Number of numbers divisible by 2, 3 or 5, i.e. n(ABC) = n(A) + n(B) + n(C) – n(AB) – n(AC) – n(BC) + 

n(ABC). 
 

Divisible by From 1 to 300 

(X) 

From 1 to 199 

(Y) 

From 200 to 300 

(X – Y) 

2 150 99 51 

3 100 66 34 

5 60 39 21 

2 and 3 i.e. 6 50 33 17 

2 and 5 i.e. 10 30 19 11 

3 and 5 i.e. 15 20 13 7 

2, 3 and 5 i.e. 30 10 6 4 

 

n(ABC) = 51 + 34 + 21 – 17 – 11 – 7 + 4 = 75. 
Total number of numbers from 200 to 300 = 101 

 Number of numbers not divisible by 2, 3 or 5 = 101 – 75 = 26. Hence [4] 

 

  

 2   3 

 5         Not 

divisible       by 2, 

3 or 5 
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Challenger question 5 

 

Question 

In how many ways can 12 one rupee coins be put in five different purses so that none of them are empty ? 

1] 330   2] 462   3] 495   4] 792 

 
Answer 

Let us arrange the 1 Re coins in a row 

 

 

 

To determine the distribution of the coins in the purses we must partition this now in 5 groups of coins using 4 

walls. The 1st group for the 1st purse, 2nd for 2nd purse and so on. Thus, the number of ways to distribute twelve 

1 Re coins in 5 purses equals the number of ways to put 4 walls  into gaps between the coins in the row. Any 

wall can be in any of the 11 gaps (there are 11 = 12 – 1 gaps between 12 coins), and no two of them can be in 

the same gap(this would mean that one of the groups is empty. 

 the number of possible partitions = 11C4 = 330 
Hence (1) 

 

 

 

Challenger question 6 

 

Question 

Let A = {(x, y, z) : x, y, z are positive and x+ y + z = 12}.  How many elements are in set A? 

1] 55 2] 78 3] 45 4] None of these 
 

Answer 

First let us place 1 in all the three variables as they are positive. 

So we have nine 1’s that have to be placed in three variables such that all the nine 1’s could also go to any of the 

variables. 

This can be done in 11C2 ways = 55 ways. Hence, [1]. 

 

 

 

Do-it-yourself (DIY exercise) 

13.What is the sum of all possible three-digit numbers that can be formed using the digit 1, 2 and 3, such 

that the digits are not repeated ? 

14. What is the sum of all four-digit numbers that can be formed using the 1, 2, 3 and 4 exactly once? 

15. What is the sum of all valid four-digit numbers that can be formed using the digits 0, 1, 2, and 3 exactly 

once? 
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The pigeonhole principle (PHP) 

 

Suppose that a flock of pigeons fly into a set of pigeonholes to roost.  The PHP states that if there are more pigeons 

than pigeon holes ,then there must be at least one pigeonhole with at least two pigeons in it. 

 

Theorem I 
 

If k + 1 or more objects are placed into k boxes, then there is at least one box containing two or more objects. 

 

Example 

(i) Among any group of 367 people, there must be at least two with the same birthday, because there are only 366 

possible birthdays. 

(ii) In any group of 27 English words, there must be at least two that begin with the same letter, since there are 26 

letters in the English alphabet. 

 

Theorem II 

If N objects are placed in k boxes, then there is at least one box containing at least [N/k] objects. Note that the 

symbol [ ] represents an integer greater than N/k. 
 

Example 

Among 100 people there are at least [100/12] i.e. 9 who are born in the same month. 

 

Solved Examples 

 

1. 5 points are marked randomly in a square plate of length 2 units.  Show that a pair of them are apart by not more 

than 2  units.  

 

By taking the midpoints of the edges and joining the points on opposite edges, we get a grid of 4 unit squares.  By 

PHP, two of the points lie  in one of these grids and the maximum distance between these points is 2   units (the 

length of the diagonal of the unit square). 

 

2. What is the least number of area codes needed to guarantee that the 25 million phones in a state have distinct 10-

digit telephone numbers ?  Assume that telephone numbers are of the form NXX – NXX – XXXX, where the first 

three digits form the area code, N represents a digit from 2 to 1 inclusive, and x represents any digit. 

 

There are 8 million (i.e. 8 × 106) different phone numbers of the form NXX – XXXX. 
 

Hence, by PGP, among 25 million telephones, at least [25 × 106 / 8 × 106) of them must have identical numbers. 

 

Hence, at least four area codes are required to ensure that all 10-digit numbers are different. 
 

Example 1.5. A chess master who has 11 weeks to prepare for a tournament decides to play at least one game every 

day but, in order not to tire himself, he decides not to play more than 12 games during any calendar week. Show that 

there exists a succession of consecutive days during which the chess master will have played exactly 21 games. 

 

Proof. Let a1 be the number of games played on the first day, a2 the total number of games played on the first and 

second days, a3 the total number games played on the first, second, and third days, and so on. Since at least one 

game is played each day, the sequence of numbers a1, a2,….. , a77 is strictly increasing, that is, a1 < a2 < … < a77. 

 

Moreover, a1≥ 1, and since at most 12 games are played during any one week, a77 ≤ 12 × 11 = 132. 

Thus 
1 ≤ a1 < a2 < … < a77 ≤ 132. 

 

Note that the sequence a1 + 21, a2 + 21,… a77 + 21 is also strictly increasing, and 

22 ≤ a1 + 21 < a2 + 21 < … < a77 + 21 ≤ 132 + 21 = 153. 
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Now consider the 154 numbers 

a1, a2, …  a77, a1 + 21, a2 + 21,……. , a77 + 21, 

each of them is between 1 and 153. It follows that two of them must be equal. Since a1, a2, ….. , a77 are distinct 

and 

 

a1 + 21, a2 + 21, ….. , a77 + 21 are also distinct, then the two equal numbers must be of the forms ai and aj + 21. 
 

Since the number games played up to the ith day is ai = aj + 21, we conclude that on the days j + 1, j + 2, …, i 

the chess master played a total of 21 games. 
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DIY Answers 
 

1.  Number of ways taking 5 flags out of 8-flags = 8P5 

= 
8!

(8 5)!
= 8 × 7 × 6 × 5 × 4 = 6720 

2. There are ‘9’ different letters of the word “SIMPLETON” 

Number of Permutations taking all the letters at a time = 9P9 = 9! = 362880. 

 

3. 
13!

2! 2! 2! 
. The denominator takes care of the repetition of the letters e, r and i.  

4. First coin can be put in 3 ways, similarly second, third and forth coins also can be put in 3 ways. 

So total number of ways = 3 × 3 × 3 × 3 = 34 = 81 

5. Here clock-wise and anti-clockwise arrangements are same. 

Hence total number of circular–permutations: 
18

12P 18!

2 12 6! 24


 
 

6. (i) When ‘O’ and ‘A’ occupying end-places 
 => M.E.G. (OA) 

 Here (OA) are fixed, hence M, E, G can be arranged in 3! ways 

 But (O,A) can be arranged themselves is 2! ways. 

=> Total number of words = 3! × 2! = 12 ways. 

 

(ii) When ‘E’ is fixed in the middle 

=> O.M.(E), G.A. 

Hence four-letter O.M.G.A. can be arranged in 4! i.e 24 ways. 

 

(iii) Three vowels (O,E,A) can be arranged in the odd-places (1st, 3rd and 5th) = 3! ways. 

And two consonants (M,G) can be arranged in the even-place (2nd, 4th) = 2! ways 

=> Total number of ways= 3! × 2! = 12 ways. 

7.  There are 5 letters out of which there are 2 similar alphabets (I’s). Hence the no. of ways = 5P2 = 
5!

60
2!
 . 

8. Number of letters in MISSISSIPI = 10, with 4 S’s & 4 I’s 

  Total number of ways in which the letters can be arranged = 
10!

4!4!
 

 Since M and P are to be together, we treat them together as one letter. 

 Total number of words = 
9!

4!4!
(now then are 9 letters with M and P being arranged). 

 However, for each of these 
9!

4!4!
 ways, M and P can be interchanged (MP and PM) 

  Total number of ways in which M and P are side by side = 
2 9!

4! 4!




. 

  Total number of ways in which the letters M and P are never together =
10! 2 9!

4!4! 4!4!


  = 5040. 

9. There are 6 digits.  As zero cannot take the significant place, the thousand’s place can be filled with one of 

the remaining 5 digits.  Second, third and fourth places can be filled up in 6, 5 and 4 ways.  Therefore total 

number of ways = 5 × 6 × 5 × 4 = 600 ways. 
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10. n n

4 2
p = 12× p  

n! n! (n 2)!
= 12 = 12

(n 4)! (n 2)! (n 4)!




  
 

     
(n 4)!

n- 2 n-3 = 12 n- 2 n-3 = 12
(n 4)!





 

 n2 - 5n + 6 = 12   n2 - 5n - 6 = 0   n2 - 6n + n - 6 = 0,  

i.e. n(n - 6) + 1(n - 6) = 0   n = 6 

 

11. Each friend can be called by any of the 3 servants in 3 ways. 

 Total number of ways = 3 3…. 3 (6 times) =36 = 729. 
 

12. Case 1: 3-digit number ending with 0 

Restricted (1 way) 

 

  0 

 

 Non-restricted        1way 

  9P2 ways  

 

The number to be divisible by 5, must end with zero (at unit place). 

So, permutation of restricted place (unit place) = 1 Now, tenth and hundredth place can be filled by using 

any two digits from the remaining of 9 digits (repetition not allowed). 

So, permutation of non-restricted places (without repetition) = npr = 
9p2 = 72 

 

Case 2:3 digit number ending with 5 

 

   Restricted Non restricted  Restricted 

1,2, 3, 4, 6, 7,  8 or 9                5 

       8 ways       
8

1P      1 way 

 
The number, divisible by 5, may also end with 5 (at unit place). So, permutation of unit place (restricted)=1 

Now, hundredth place can be filled up by using any digit except 0 and 5. So, permutation of hundredth 

place (restricted) = 8. 

 

Tenth place can be filled up by using any digit from the digits remaining after filling the above two places, 

because repetition of digits is not allowed. 

 

So, permutation of tenth place (non-restricted) = 
8
p1 = 8 

 

Total number of permutations = 1 8 8 = 64 

 
No. of 3-digit number ending with 5 = 64 

 

Hence, required numbers of 3-digit number divisible by 5 = 72 + 64 [case I + Case II] = 136 
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13. Let the numbers be in the units, tens and hundreds column. 

Now, the total number of numbers that can be created is 3 2 1 = 6 numbers. 

Each of the numbers 1, 2 and 3 appear in each of the columns exactly 2 times. 

So sum of all nos. in the units place = 2 1 + 2 2 + 2 3 = 2 (1 + 2 + 3) = 12 

The sum of tens and hundreds is also = 12. 

So the sum of the 6 nos. is 1332. (2 in the units place, and 1 carried over to tens place. 

 3 in the tens place and 1 carried over. Finally 13 is the total of the hundred’s place. 

 Logic: For the sake of visualization, look at this table. It will help visualize other similar questions). 

  

Hundreds Tens Unit 

1 2 3 

1 3 2 

2 1 3 

2 3 1 

3 1 2 

3 2 1 

 

 

14. Using same logic as previous question. 

No. of numbers = 4 3 2 1 = 24 

So sum of the nos. in any column = 6 1 + 6 2 + 6 3 + 6 4 = 6 (1 + 2 + 3 + 4) = 60 

 The sum of the 24 no’s = 66660. ( Use same method as prev question to get to the sum).  

 

15.  A four digit number cannot start with 0. 

So we can first add all four digit numbers possible with 0, 1, 2 and 3 and then subtract those that have 0 in 

the thousand column. 
Sum of nos. with 0,1,2,3 occupying all places = 6 0 + 6 1 + 6 2 + 6 3 = 6(1 + 2 + 3) = 36 

 Sum of the 24 nos. = 39996. 

Sum of nos. that have 0 in the thousandth column = 1332 ( From question 16) 

Answer = 39996 – 1332 = 38664. 

 

 


