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Chapter-I 

Vector Spaces 

 

Linear algebra is that branch of mathematics which treats the common properties of algebraic 

systems which consist of a set, together with a reasonable notion of a linear combination of 

elements in the set. In this section we shall define the mathematical object which experience has 

shown to be the most useful abstraction of this type of algebraic system. 

  

Definition 1:  Let V be a set on which addition and scalar multiplication are defined (this means 

that if u and v are elements in V and c is a scalar then we’ve defined  and cu in some 

way).  If the following axioms are true for all objects u, v, and w in V and all 

scalars c and k then V is called a vector space and the elements in V are called vectors. 

(a)   is in V  This is called closed under addition. 

(b) cu is in V  This is called closed under scalar multiplication. 

(c)  

(d)  
(e) There is a special object in V, denoted 0 and called the zero vector, such that for 

all u in V we have . 

(f) For every u in V there is another object in V, denoted      and called the negative of u, 

such that . 

(g)    

(h)    

(i)  

(j)  

  

  

Remarks: When we restrict the scalars to real numbers we generally call the vector space a real 

vector space and when we allow the scalars to be complex numbers we generally call the vector 

space a complex vector space.  We will be working exclusively with real vector spaces and 

from this point on when we see vector space it is to be understood that we mean a real vector 

space. 

  

We should now look at some examples of vector spaces and at least a couple of examples of sets 

that aren’t vector spaces.  Some of these will be fairly standard vector spaces while others may 

seem a little strange at first but are fairly important to other areas of mathematics. 

  

Example 1  If n is any positive integer then the set  with the standard addition and 

scalar multiplication as defined in the Euclidean n-space section is a vector space. 

  

Note that from this point on when we refer to the standard vector addition and standard vector 

scalar multiplication we are referring to that we defined in the Euclidean n-space section. 

  

http://tutorial.math.lamar.edu/Classes/LinAlg/EuclideanSpace.aspx#Euclid_nSpace_Defn1
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Example 2  The set            with the standard vector addition and scalar multiplication 

defined as, 

  is NOT a vector space. 

  

Example 3  The set           with the standard vector addition and scalar multiplication 

defined as,           is NOT a vector space. 

  

Example 4  The set            with the standard scalar multiplication and addition defined as, 

 is NOT a vector space. 

  

Example 5  Suppose that the set V is the set of positive real numbers (i.e.  ) with addition 

and scalar multiplication defined as follows,  

This set under this addition and scalar multiplication is a vector space. 

Let’s go through each of the axioms and verify that they are valid. 

  

First let’s take a look at the closure axioms, (a) and (b).  Since by x and y are positive numbers 

their product xy is a positive real number and so the V is closed under addition.  Since x is 

positive then for any c  is a positive real number and so V is closed under scalar multiplication. 

  

Next we’ll verify (c).  We’ll do this one with some detail pointing out how we do each step.  

First assume that x and y are any two elements of V (i.e. they are two positive real numbers). 

                                                    

We’ll now verify (d).  Again, we’ll make it clear how we’re going about each step with this one.  

Assume that x, y, and z are any three elements of V. 

                              

  

Next we need to find the zero vector, 0. We need to find an element that is in V so that under our 

definition of addition we have,   

 
  

If x is any element of V,             

We next need to define the negative,       for each element x that is in V such that 
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Given an x in V we know that x is strictly positive and so is defined (since x isn’t zero) and is 

positive (since x is positive) and therefore is in V.  Also, under our definition of addition and 

the zero vector we have,    Therefore, for the set V the negative 

of x is . 

  

We’ll start with (g). If x and y are any two elements of V and c is any scalar then, 

 
  

So, it looks like we’ve verified (g). 

  

Let’s now verify (h).  If x is any element of V and c and k are any two scalars then, 

 
  

So, this axiom is verified.  Now, let’s verify (i).  If x is any element of V and c and k are any two 

scalars then, 

 
  

We’ve got the final axiom to go here and that’s a fairly simple one to verify.  

 

Example 6  Let the set V be the points on a line through the origin in          with the standard 

addition and scalar multiplication.  Then V is a vector space. 

   



5 Career Avenues GATE Coaching by IITians 

 

Example 7  Let the set V be the points on a line that does NOT go through the origin in 

 with the standard addition and scalar multiplication.  Then V is not a vector space. 

   

Example 8  Let the set V be the points on a plane through the origin in  with the 

standard addition and scalar multiplication.  Then V is a vector space. 

  

Example 9  Let n and m be fixed numbers and let             represent the set of all 

 matrices.  Also let addition and scalar multiplication on  be the standard matrix addition and 

standard matrix scalar multiplication.  Then  is a vector space. 

  

Example 10  Let be the set of all real valued functions that are defined on the 

interval .   Then given any two “vectors”,  and  from and any 

scalar c define addition and scalar multiplication as, 

  .Under these operations 

 is a vector space. 

  

  

Theorem 1  Suppose that V is a vector space, u is a vector in V and c is any scalar.  Then, 

(a)  

(b)  

(c)  

(d) If           then either or  

  

Subspaces  

 

In Example 1 we saw that  was a vector space with the standard addition and scalar 

multiplication for any positive integer n.  So, in particular  is a vector space with the 

standard addition and scalar multiplication.   

 

Definition 1  Suppose that V is a vector space and W is a subset of V.  If, under the addition and 

scalar multiplication that is defined on V, W is also a vector space then we 

callW a subspace of V. 

  

The following theorem is the necessary and sufficient condition for a space to be a subspace. 

  

Theorem 1  Suppose that W is a non-empty (i.e. at least one element in it) subset of the vector 

space V then W will be a subspace if the following two conditions are true. 

(a) If u and v are in W then  is also in W (i.e. W is closed under addition). 

(b) If u is in W and c is any scalar then cu is also in W (i.e. W is closed under scalar 

multiplication). 

Where the definition of addition and scalar multiplication on W are the same as on V. 
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Proof : To prove this theorem all we need to do is show that if we assume the two closure 

axioms are valid the other 8 axioms will be given to us for free.  As we discussed above the 

axioms c, d, g, h, i, and j are true simply based on the fact that W is a subset of V and it uses the 

same addition and scalar multiplication and so we get these for free. 

  

We only need to verify that assuming the two closure condition we get axioms e and f as well.  

From the second condition above we see that we are assuming that W is closed under scalar 

multiplication and so both 0u and           must be in W, but from theorem1 from the 

previous section we know that,  

  
 

  

But this means that the zero vector and the negative of u must be in W and so we’re done. 

 

Remarks: 

 

Every vector space, V, has at least two subspaces.  Namely, V itself and  (the zero 

space). 

  

  

Example 1  Determine if the given set is a subspace of the given vector space. 

(a) Let W be the set of all points, , from  in which .  Is this a 

subspace of ?    

(b) Let W be the set of all points from  of the form .  Is this a 

subspace of ?    

(c) Let W be the set of all points from  of the form .  Is this a 

subspace of ?    

Solution: 
In each of these cases we need to show either that the set is closed under addition and scalar 

multiplication or it is not closed for at least one of those. 

  

(a) This set is closed under addition because,  

      and since   we also have          and so the resultant point is back in W. 

      However, this set is not closed under scalar multiplication.  Let c be any negative scalar and 

further assume that            then,  

Then because  and  we must have  and so the resultant point is 

not in W because the first component is neither zero nor positive. 

Therefore, W is not a subspace of V. 

  

(b) This one is fairly simple to check a point will be in W if the first component is zero.  So, 

let and be any two points in W and let c be any scalar then, 
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So, both  and cx are in W and so W is closed under addition and scalar multiplication 

and so W is a subspace. 

 

 (c) This one is here just to keep us from making any assumptions based on the previous part.  

This set is closed under neither addition nor scalar multiplication.  In order for points to be 

in W in this case the first component must be a 1.  However, if 

 and  be any two points in W and let c be any scalar other than 1 we get, 

                                 

 
  

Neither of which is in W and so W is not a subspace. 

  

Example 2  Determine if the given set is a subspace of the given vector space. 

 Let W be the set of diagonal matrices of size .  Is this a subspace of ?    

 

Solution 

(a)  Let u and v be any two  diagonal matrices and c be any scalar then, 

     

 

                                                  

  

Both  and cu are also diagonal  matrices and so W is closed under addition 

and scalar multiplication and so is a subspace of . 

 

We now need to look at a fairly important subspace of  that we’ll be seeing in future 

sections. 
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Definition 2  Suppose A is an  matrix.  The null space of A is the set of all x in 

 such that . 

  

Let’s see some examples of null spaces that are easy to find. 

  

Example 4  Determine the null space of each of the following matrices. 

     

Solution 

(a)  

  

To find the null space of A we’ll need to solve the following system of equations. 

                        

 
  

We’ve given this in both matrix form and equation form.  In equation form it is easy to see that 

the only solution is .  In terms of vectors from  the solution consists of 

the single vector  and hence the null space of A is   

  

The above example shows the following result: 

 

Theorem 2  Suppose that A is an  matrix then the null space of A will be a subspace 

of . 

  

Proof : We know that the subspace of A consists of all the solution to the system .  

First, we should point out that the zero vector, 0, in  will be a solution to this system and 

so we know that the null space is not empty.  This is a good thing since a vector space (subspace 

or not) must contain at least one element. 

  

Now that we know that the null space is not empty let x and y be two elements from the null 

space and let c be any scalar.  We just need to show that the sum and scalar multiple of these are 

also in the null space and we’ll be done. 

  

Let’s start with the sum.  

  

  

The sum,  is a solution to  and so is in the null space.  The null space is 

therefore closed under addition. 
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Next, let’s take a look at the scalar multiple. 

 
 

  

The scalar multiple is also in the null space and so the null space is closed under scalar 

multiplication. 

  

Therefore the null space is a subspace of . 

 
Span 

In this section we will cover a topic that we’ll see off and on over the course of this chapter.   

  

Let’s first revisit an idea that we saw quite some time ago.  In the section on Matrix Arithmetic 

we looked at linear combinations of matrices and columns of matrices.  We can also talk about 

linear combinations of vectors. 

  

Definition 1  We say the vector w from the vector space V is a linear combination of the 

vectors  ,all from V, if there are scalars  so 

that w can be written 

                                                     

  

So, we can see that the null space we were looking at above is in fact all the linear combinations 

of the vector (7,1).  It may seem strange to talk about linear combinations of a single vector since 

that is really scalar multiplication, but we can think of it as that if we need to. 

  

The null space above was not the first time that we’ve seen linear combinations of vectors 

however.  When we were looking at Euclidean n-space we introduced these things called 

the standard basis vectors.  The standard basis vectors for  were defined as, 

 
 

  

We saw that we could take any vector   from  and write it 

as, 

 
Or, in other words, we could write u as a linear combination of the standard basis 

vectors, .  We will be revisiting this idea again in a couple of sections, but 

the point here is simply that we’ve seen linear combinations of vectors prior to us actually 

discussing them here. 

  
  

http://tutorial.math.lamar.edu/Classes/LinAlg/EuclideanSpace.aspx#GenStandardBasis
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Let’s take a look at an example or two. 

  

Example 1  Determine if the vector is a linear combination of the two given vectors. 

(a) Is  a linear combination of  

 and ?    

(b) Is  a linear combination of  

 and ?    

(c) Is  a linear combination of  

 and ?    

  

Solution 
  

(a) In each of these cases we’ll need to set up and solve the following equation, 

                                                

Then set coefficients equal to arrive at the following system of equations, 

 
If the system is consistent (i.e. has at least one solution then w is a linear combination of the two 

vectors.  If there is no solution then w is not a linear combination of the two vectors. 

  

We’ll leave it to you to verify that the solution to this system is  and .  

Therefore, w is a linear combination of  and  and we can write 

. 

 

  

(b) For this part we’ll need to the same kind of thing so here is the system. 

                                                             

The solution to this system is, 

                                 

This means w is linear combination of  and .  However, unlike the previous part there 

are literally an infinite number of ways in which we can write the linear combination.  So, any of 

the following combinations would work for instance. 
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There are of course many more.  There are just a few of the possibilities. 

 

 (c) Here is the system we’ll need to solve for this part. 

                                                             

This system does not have a solution and so w is not a linear combination of  and . 

    

Definition 2  Let  be a set of vectors in a vector space V and 

let W be the set of all linear combinations of the vectors .  The set W is 

the span of the vectors  and is denoted by 

                       

 
  

We also say that the vectors  span W. 

  

So, with this notation we can now see that the null space that we examined at the start of this 

section is now nothing more than,  

  

  

Before we move on to some examples we should get a nice theorem out of the way. 

  

Theorem 1  Let  be vectors in a vector space V and let their span 

be  then, 

(a) W is a subspace of V. 

(b) W is the smallest subspace of V that contains all of the vectors 

. 

  

Proof : 
(a) So, we need to show that W is closed under addition and scalar multiplication.  

Let u and w be any two vectors from W.  Now, since W is the set of all linear combinations 

of  that means that both u and w must be a linear combination of these 

vectors.  So, there are scalars  and  so that, 

 
 

  

Now, let’s take a look at the sum. 
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So the sum, , is a linear combination of the vectors  and hence 

must be in W and so W is closed under addition. 

  

Now, let k be any scalar and let’s take a look at, 

 
 

  

  

As we can see the scalar multiple, ku, is a linear combination of the vectors 

 and hence must be in W and so W is closed under scalar multiplication. 

  

Therefore, W must be a vector space. 

  

(b) In these cases when we say that W is the smallest vector space that contains the set of 

vectors            we’re really saying that if  is also a vector space that 

contains  then it will also contain a complete copy of W as well. 

  

So, let’s start this off by noticing that W does in fact contain each of the  ’s since, 

 
 

  

  

Now, let  be a vector space that contains  and consider any 

vector u from W.  If we can show that u must also be in  then we’ll have shown that 

 contains a copy of W since it will contain all the vectors in W.  Now, u is in W and so must be a 

linear combination of , 

 
 

  

  

Each of the terms in this sum, , is a scalar multiple of a vector that is in  and 

since  is a vector space it must be closed under scalar multiplication and so each  is 

in .  But this means that u is the sum of a bunch of vectors that are in  which is closed 

under addition and so that means that u must in fact be in . 

  

We’ve now shown that  contains every vector from W and so must contain W itself. 

 
  

Now, let’s take a look at some examples of spans. 

  

Example 2  Describe the span of each of the following sets of vectors. 

  and . 

 (a) The span of this set of vectors, , is the set of all linear combinations 

and we can write down a general linear combination for these two vectors. 
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So, it looks like  will be all of the vectors from  that are in the 

form  for any choices of a and b. 

  

There is one last idea about spans that we need to discuss and its best illustrated with an 

example. 

  

Example 3  Determine if the following sets of vectors will span . 

, , and  

  

Solution 

  

, , and . 

  

  Clearly the span of these vectors will be in  since they are vectors from .  The real 

question is whether or not  will be contained in the span of these vectors, 

.   

Choose a general vector from , , and determine if we can find 

scalars , , and  so that u is a linear combination of the given vectors.  Or, 

                                   

 
  

If we set components equal we arrive at the following system of equations, 

                                                           

In matrix form this is, 

                                                    

  

What we need to do is to determine if this system will be consistent (i.e. have at least one 

solution) for every possible choice of .  This system will be 

consistent for every choice of  provided the coefficient matrix is 

invertible and we can check that be doing a quick determinant computation.  So, if we denote the 
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coefficient matrix as A we’ll leave it to you to verify that . 

  

Therefore the coefficient matrix is invertible and so this system will have a solution for every 

choice of .  This in turn tells us that  is 

contained in  and so we’ve now shown that  

                                                        

  

Linear Independence 

 

We’ll start this section off with the following definition. 

Definition 1  Suppose  is a non-empty set of vectors and 

form the vector equation,  

This equation has at least one solution, namely, , , … , .  This 

solution is called the trivial solution. 

 If the trivial solution is the only solution to this equation then the vectors in the set S are 

called linearly independent and the set is called a linearly independent set.  If there is another 

solution then the vectors in the set S are called linearly dependent and the set is called 

a linearly dependent set. 

  

Let’s take a look at some examples.  

Example 1  Determine if each of the following sets of vectors are linearly independent or 

linearly dependent. 

 and .     

Solution 

To answer the question here we’ll need to set up the equation 

                                                     

for each part, combine the left side into a single vector and the set all the components of the 

vector equal to zero (since it must be the zero vector, 0).  At this point we’ve got a system of 

equations that we can solve.  If we only get the trivial solution the vectors will be linearly 

independent and if we get more than one solution the vectors will be linearly dependent. 

  

Solution:   and . 

 We’ll do this one in detail and then do the remaining parts quicker.  We’ll first set up the 

equation and get the left side combined into a single vector. 

                                                   

Now, set each of the components equal to zero to arrive at the following system of equations. 
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Solving this system gives to following solution (we’ll leave it to you to verify this),  

                                                        

 The trivial solution is the only solution and so these two vectors are linearly independent. 

. 

Theorem 1 A finite set of vectors that contains the zero vector will be linearly dependent. 

  

Proof :  Let  be any set of vectors that contains the zero 

vector as shown.  We can then set up the following equation. 

 
 

  

  

We can see from this that we have a non-trivial solution to this equation and so the set of vectors 

is linearly dependent.  

 

Theorem 2 Suppose that  is a set of vectors in .  If 

 then the set of vectors is linearly dependent. 

   

Example   Determine if the following sets of vectors are linearly independent or linearly 

dependent. 

 , , and 

.    

  

Solution 

 , , and 

. 

  

We’ll first need to set of the “vector” equation, 

                            

Next, combine the “vectors” (okay, they’re matrices so let’s call them that….) on the left into a 

single matrix using basic matrix scalar multiplication and addition. 

                                                    



16 Career Avenues GATE Coaching by IITians 

 

 Now, we need both sides to be equal.  This means that the three entries in the matrix on the left 

that are not already zero need to be set equal to zero.  This gives the following system of 

equations. 

                                                                     

 Of course this isn’t really much of a system as it tells us that we must have the trivial solution 

and so these matrices (or vectors if you want to be exact) are linearly independent. 

 We’ll leave it to you to verify that the only solution to this system is the trivial solution and so 

these matrices are linearly independent. 

  

 Basis and Dimension 

In this section we’re going to take a look at an important idea in the study of vector spaces.  We 

will also be drawing heavily on the ideas from the previous two sections and so make sure that 

you are comfortable with the ideas of span and linear independence. 

 We’ll start this section off with the following definition. 

Definition 1  Suppose  is a set of vectors from the vector 

space V.  Then S is called a basis (plural is bases) for V if both of the following conditions hold. 

(a) , i.e. S spans the vector space V. 

(b) S is a linearly independent set of vectors. 

  

Let’s take a look at some examples 

Example 1 The set , , , … ,  is a basis for 

 and is usually called the standard basis for . 

This set will span .  For  these form a linearly independent set in .  A similar 

argument can be used for the general case here and we’ll leave it to you to go through that 

argument. 

 So, this set of vectors is in fact a basis for . 

  

Example 2  The set , , , 

and  is a basis for  and is usually called the standard 

basis for . 
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So, the only way the matrix on the left can be the zero matrix is for all the scalars to be zero.  In 

other words, this equation has only the trivial solution and so the matrices are linearly 

independent. 

   

Theorem 1  Suppose that the set  is a basis for the vector 

space V then every vector u from V can be expressed as a linear combination of the vectors 

from Sin exactly one way. 

  

Proof : First, since we know that the vectors in S are a basis for V then for any vector u in V we 

can write it as a linear combination as follows, 

 
 

  

Now, let’s suppose that it is also possible to write it as the following linear combination, 

 
 

  

 If we take the difference of these two linear combinations we get, 

 
 

  

However, because the vectors in S are a basis they are linearly independent.  That means that this 

equation can only have the trivial solution.  Or, in other words, we must have, 

 
 

  

 But this means that, 

 
 

  

and so the two linear combinations were in fact the same linear combination.  

Theorem 2  Suppose that  is a set of linearly independent 

vectors then S is a basis for the vector space  

  

The proof here is so simple that we’re not really going to give it.  By assumption the set is 

linearly independent and by definition V is the span of S and so the set must be a basis for V. 

 We now need to take a look at the following definition. 

Definition 2  Suppose that V is a non-zero vector space and that S is a set of vectors from V that 

form a basis for V.  If S contains a finite number of vectors, say 

, then we call V a finite dimensional vector space and we say that 

the dimension of V, denoted by , is n (i.e. the number of basis elements in S).  If 
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V is not a finite dimensional vector space (so S does not have a finite number of vectors) then we 

call it an infinite dimensional vector space. 

  

By definition the dimension of the zero vector space (i.e. the vector space consisting solely of the 

zero vector) is zero. 

 Here are the dimensions of some of the vector spaces we’ve been dealing with to this point. 

  

Example 4  Dimensions of some vector spaces. 

 since the standard basis vectors for  are, 

 
  

We now need to take a look at several important theorems about vector spaces.  The first couple 

of theorems will give us some nice ideas about linearly independent/dependent sets and spans.  

One of the more important uses of these two theorems is constructing a set of basis vectors as 

we’ll see eventually. 

Theorem 3  Suppose that V is a vector space and that  is any 

basis for V. 

(a) If a set has more than n vectors then it is linearly dependent. 

(b) If a set has fewer than n vectors then it does not span V. 

  

Proof : 

(a) Let  and suppose that .  Since S is a basis 

of V every vector in R can be written as a linear combination of vectors from S as follows, 

 

 

  

Now, we want to show that the vectors in R are linearly dependent.  So, we’ll need to show that 

there are more solutions than just the trivial solution to the following equation. 

 
 

  

  

If we plug in the set of linear combinations above for the  ’s in this equation and collect all 

the coefficients of the  ’s we arrive at. 

 

 

  

Now, the  ’s are linearly independent and so we know that the coefficients of each of the 

 in this equation must be zero.  This gives the following system of equations. 
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Now, in this system the  ’s are known scalars from the linear combinations above and the 

 ’s are unknowns.  So we can see that there are n equations and m unknowns.  However, 

because  there are more unknowns than equations and so by Theorem 2 in the solving 

systems of equations section we know that if there are more unknowns than equations in a 

homogeneous system, as we have here, there will be infinitely many solutions. 

 Therefore the equation,  

  
 

  

will have more solutions than the trivial solution and so the vectors in R must be linearly 

dependent. 

  

(b) The proof of this part is very similar to the previous part.  Let’s start with the 

set  and this time we’re going to assume that 

.  It’s not so easy to show directly that R will not span V, but if we assume for a second 

that R does span V we’ll see that we’ll run into some problems with our basis set S.  This is 

called a proof by contradiction.  We’ll assume the opposite of what we want to prove and show 

that this will lead to a contradiction of something that we know is true (in this case that S is a 

basis forV). 

  

So, we’ll assume that R will span V.  This means that all the vectors in S can be written as a 

linear combination of the vectors in R or, 

 

 

  

Let’s now look at the equation, 

 
 

  

Now, because S is a basis we know that the  ’s must be linearly independent and so the only 

solution to this must be the trivial solution.  However, if we substitute the linear combinations of 

the  ’s into this, rearrange as we did in part (a) and then setting all the coefficients equal to 

zero gives the following system of equations. 

 

 

  

 

http://tutorial.math.lamar.edu/Classes/LinAlg/SolvingSystemsOfEqns.aspx#Sys_Solve_Thm2
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Again, there are more unknowns than equations here and so there are infinitely many solutions.  

This contradicts the fact that we know the only solution to the equation 

 
is the trivial solution. 

 So, our original assumption that R spans V must be wrong.  Therefore R will not span V. 

Theorem 4  Suppose S is a non-empty set of vectors in a vector space V. 

(a) If S is linearly independent and u is any vector in V that is not in  then 

the set  (i.e. the set of S and u) is also a linearly independent 

set. 

(b) If u is any vector in S that can be written as a linear combination of the other vectors 

in S let  be the set we get by removing u from S.  Then, 

 

                  In other words, S and  will span the same space. 

  

Proof : 

(a) If  we need to show that the set 

 is linearly independent.  So, let’s form the equation, 

 
 

  

  

Now, if  is not zero we will be able to write u as a linear combination of the  ’s but this 

contradicts the fact that u is not in .  Therefore we must have  and 

our equation is now, 

 
 

  

  

But the vectors in S are linearly independent and so the only solution to this is the trivial 

solution, 

 
 

  

  

So, we’ve shown that the only solution to 

 
 

  

is 

 
 

  

  

Therefore, the vectors in R are linearly independent. 
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(b) Let’s suppose that our set is  and so we 

have .  First, by assumption u is a linear combination of the 

remaining vectors in S or, 

 
 

  

  

Next let w be any vector in .  So, w can be written as a linear combination of all 

the vectors in S or, 

 
 

  

Now plug in the expression for u above to get, 

 

 

  

So, w is a linear combination of vectors only in R and so at the least every vector that is 

in  must also be in . 

  

Finally, if w is any vector in  then it can be written as a linear combination of 

vectors from R, but since these are also vectors in S we see that w can also, by default, be written 

as a linear combination of vectors from S and so is also in .  We’ve just shown 

that every vector in  must also be in . 

  

Since we’ve shown that  must be contained in  and that every 

vector in  must also be contained in  this can only be true 

if . 

We can use the previous two theorems to get some nice ideas about the basis of a vector space. 

  

Theorem 5  Suppose that V is a vector space then all the bases for V contain the same number of 

vectors. 

  

Proof : Suppose that  is a basis for V.  Now, let R be any 

other basis for V.  Then by Theorem 3 above if R contains more than n elements it can’t be a 

linearly independent set and so can’t be a basis.  So, we know that, at the least R can’t contain 

more than n elements.  However, Theorem 3 also tells us that if R contains less than n elements 

then it won’t span V and hence can’t be a basis for V.  Therefore the only possibility is 

that R must contain exactly n elements. 
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Theorem 6  Suppose that V is a vector space and that .  Also suppose 

that S is a set that contains exactly n vectors.  S will be a basis for V if either 

 or S is linearly independent. 

  

Proof : First suppose that .  If S is linearly dependent then there must be 

some vector u in S that can be written as a linear combination of other vectors in S and so by 

Theorem 4(b) we can remove u from S and our new set of  vectors will still span V.  

However, Theorem 3(b) tells us that any set with fewer vectors than a basis (i.e. less than n in 

this case) can’t span V.  Therefore, S must be linearly independent and hence S is a basis for V. 

  

Now, let’s suppose that S is linearly independent.  If S does not span V then there must be a 

vector u that is not in .  If we add u to S the resulting set with  vectors 

must be linearly independent by Theorem 4(a).  On the other hand, Theorem 3(a) tells us that any 

set with more vectors than the basis (i.e. greater than n) can’t be linearly independent.  

Therefore, S must span V and hence S is a basis for V. 

 
  

Theorem 7  Suppose that V is a finite dimensional vector space with  and 

that S is any finite set of vectors from V. 

(a) If S spans V but is not a basis for V then it can be reduced to a basis for V by removing 

certain vectors from S. 

(b) If S is linearly independent but is not a basis for V then it can be enlarged to a basis 

for V by adding in certain vectors from V. 

  

Proof : 

(a) If S spans V but is not a basis for V then it must be a linearly dependent set.  So, there is some 

vector u in S that can be written as a linear combination of the other vectors in S.  Let R be the 

set that results from removing u from S.  Then by Theorem 4(b) R will still span V.  If R is 

linearly independent then we have a basis for V and if it is still linearly dependent we can remove 

another element to form a new set  that will still span V.  We continue in this way until 

we’ve reduced S down to a set of linearly independent vectors and at that point we will have a 

basis of V. 

  

(b) If S is linearly independent but not a basis then it must not span V.  Therefore, there is a 

vector u that is not in .  So, add u to S to form the new set R.  Then by Theorem 

4(a) the set R is still linearly independent.  If R now spans V we’ve got a basis for V and if not 

add another element to form the new linearly independent set .  Continue in this fashion until 

we reach a set with n vectors and then by Theorem 6 this set must be a basis for V. 

 

Okay we should probably see some examples of some of these theorems in action. 
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Example 5  Reduce each of the following sets of vectors to obtain a basis for the given vector 

space. 

, , 

 and  for .    

Solution. 

, ,  and 

 for . 

  

We will leave it to you to verify that this set of vectors does indeed span  and since we 

know that  we can see that we’ll need to remove one vector from the list 

in order to get down to a basis.  However, we can’t just remove any of the vectors.  For instance 

if we removed  the set would no longer span .  You should verify this, but you can 

also quickly see that only  has a non-zero first component and so will be required for the 

vectors to span . 

Theorem 4(b) tells us that if we remove a vector that is a linear combination of some of the other 

vectors we won’t change the span of the set.  So, that is what we need to look for.  Now, it looks 

like the last three vectors are probably linearly dependent so if we set up the following equation 

                                                        

and solve it, 

                   

we can see that these in fact are linearly dependent vectors.  This means that we can remove any 

of these since we could write any one of them as a linear combination of the other two.  So, let’s 

remove  for no other reason that the entries in this vector are larger than the others. 

 The following set the still spans  and has exactly 3 vectors and so by Theorem 6 it must be 

a basis for . 

 
  

Example 6  Expand each of the following sets of vectors into a basis for the given vector 

space. , ,  in 

   

Solution 
Theorem 7(b) tells us that this is possible to do provided  the sets are linearly independent. 

  

(a) , ,  in . 

 We’ll leave it to you to verify that these vectors are linearly independent.  Also, 

 and so it looks like we’ll just need to add in a single vector to get a basis.  Theorem 

4(a) tells us that provided the vector we add in is not in the span of the original vectors we can 
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retain the linear independence of the vectors.  This will in turn give us a set of 4 linearly 

independent vectors and so by Theorem 6 will have to be a basis for . 

  

Now, we need to find a vector that is not in the span of the given vectors.  This is easy to do 

provided you notice that all of the vectors have a zero in the fourth component.  This means that 

all the vectors that are in  will have a zero in the fourth 

component.  Therefore, all that we need to do is take any vector that has a non-zero fourth 

component and we’ll have a vector that is outside .  Here are some 

possible vectors we could use, 

                        

 
The last one seems to be in keeping with the pattern of the original three vectors so we’ll use that 

one to get the following set of four vectors. 

                          

 
Since this set is still linearly independent and now has 4 vectors by Theorem 6 this set is a basis 

for  

  

Theorem 8  Suppose that W is a subspace of a finite dimensional vector space V then W is also 

finite dimensional. 

  

Proof : Suppose that .  Let’s also suppose that W is not finite dimensional 

and suppose that S is a basis for W.  Since we’ve assumed that W is not finite dimensional we 

know that S will not have a finite number of vectors in it.  However, since S is a basis for W we 

know that they must be linearly independent and we also know that they must be vectors in V.  

This however, means that we’ve got a set of more than n vectors that is linearly independent and 

this contradicts the results of Theorem 3(a).  

Theorem 9  Suppose that W is a subspace of a finite dimensional vector 

space V then  and if 

 then in fact we have . 

  

Proof : By Theorem 8 we know that W must be a finite dimensional vector space and so let’s 

suppose that  is a basis for W.  Now, S is either a basis 

for V or it isn’t a basis for V. 

  

If S is a basis for V then by Theorem 5 we have that 

. 

On the other hand, if S is not a basis for V by Theorem 7(b) (the vectors of S must be linearly 

independent since they form a basis for W) it can be expanded into a basis for V and so we then 

know that . 
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 So, we’ve shown that in every case we must have . 

 Now, let’s just assume that all we know is that .  In this 

case S will be a set of n linearly independent vectors in a vector space of 

dimension n (since  ) and so by Theorem 6, S must be a basis for V as well.  

This means that any vector u from V can be written as a linear combination of vectors from S.  

However, since S is also a basis for W this means that u must also be in W. 

  

So, we’ve just shown that every vector in V must also be in W, and because W is a subspace 

of V we know that every vector in W is also in V.  The only way for this to be true is if we 

have . 

We should probably work one quick example illustrating this theorem. 

Example 7  Determine a basis and dimension for the null space of 

 
Solution 
First recall that to find the null space of a matrix we need to solve the following system of 

equations, 

                                            

                              

Now,  that the null space of an  matrix will be a subspace of   so the null space 

of this matrix must be a subspace of  and so its dimension should be 5 or less. 

  

To verify this we’ll need the basis for the null space.  This is actually easier to find than you 

might think.  The null space will consist of all vectors in  that have the form, 

                                               

Now, split this up into two vectors.  One that contains only terms with a t in them and one that 

contains only term with an s in them.  Then factor the t and s out of the vectors. 

http://tutorial.math.lamar.edu/Classes/LinAlg/Subspaces.aspx#VS_SubSpace_Defn2
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So, we can see that the null space is the space that is the set of all vectors that are a linear 

combination of 

 
 and so the null space of A is spanned by these two vectors.  You should also verify that these 

two vectors are linearly independent and so they in fact form a basis for the null space of A.  This 

also means that the null space of A has a dimension of 2 which is less than 5 as Theorem 9 

suggests it should be. 

 

 
 


